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Chapter 1

Actual, Potential and
Grass-Reference
Evapotranspiration

In this manuscript evaporation is the flux of water from the earth’ surface into the
atmosphere. It is the amount of water that gets lost from the surface per time interval
and area and thus has units of mass per time per area. According to SI units this
is expressed as kg/s/m?. However, meteorologists prefer to use the same units as for
the reverse flow, precipitation, which most frequently is provided in mm/day. The
transformation is very direct since 1kg of water spread over 1m? of surface has a depth
of 1mm and thus, 1kg/m? water equals 1mm water depth, given the density of water
as 1000kg/m?3.

Knowing the latent heat of evaporation L = 2.45 x 106% we can express evaporation
also by the energy E that is needed to evaporate the water. This is particularly handy
if energy flux densities are expressed in M.J/m?/day since in this case 1M .J/m?/day
equals z—ig)mm/ day = 0.408mm/day. Note that L is a function of temperature which
is shortly discussed in appendix A.

If totally covered with water, the surface has no influence on evaporation. In this case the
evaporation is called potential evaporation. However, other than water surfaces can
lack of water availability. This causes the actual evaporation to be below the potential
evaporation. The mechanism that decreases the actual vs. the potential evaporation
is sometimes described by a soil resistance. On the other hand, evaporation can be
enhanced due to plants. They add additional surface (the leaves) and can effectively
?pump” soil water to this surface. The leaf area index LAI is the ratio of green plant
surface to ground surface and is often used as an indicator of the importance of a
vegetation cover. The process of evaporation via plants is called transpiration. The total
evaporation from an area with vegetation is therefore determined by both transpiration
and evaporation. This is the reason why evaporation from a surface covered with plants
is usually called evapotranspiration. The actual evapotranspiration of a vegetated
surface can be considerably larger than the evaporation from a water surface just due
to a large LAI and the ”"pumping” of soil water by the plant.

In order to model the evaporation for different plants as well as for inter-comparison



of different regions a standard vegetation is introduced which has well defined features.
This standard is a grass with h = 12c¢m depth, an albedo of @ = 0.23 and an LAT of 2.88
according to FAO. The evaporation from this reference surface is called grass reference
evapotranspiration ETo. Crop coeflicients k. are the ratio of the maximum possible
(i.e. not limited by water shortage) evapotranspiration of the respective crops in their
current state of development to ET'o. The knowledge of crop coeflicients therefore allows
for the calculation of the water demand of crops and - in case that enough water is
available - the actual evapotranspiration if ET'o is known.

Several indices are derived in order to hydrologically characterize local and regional
climates. Two examples are the Climatic Moisture Index (CMI) which is the ratio of
rainfall to potential evapotranspiration and the soil moisture index (SMI) which is the
ratio of actual evapotranspiration to potential evapotranspiration.



Chapter 2

Estimation of Evaporation using
the Energy Balance

2.1 The Energy Balance of a Surface

The energy balance of a surface in equilibrium with its surrounding is

0=Qo—Go— Ho— Ep (2.1)
where
Qo = radiation balance of the surface,
Go = heat transfer into the ground,
Hy = sensible heat flux into the atmosphere,
Ey = latent heat flux into the atmosphere

where the index 0 stands for zero height, i.e. the surface. Qg is positive if the surface
gains energy from the radiation balance. Hy and Ey are counted positive if the fluxes
are in positive z direction (away from the surface) while the heat flux into the ground
is positive in negative z direction (again away from the surface).

The next section describes the evaporation as a result of the energy balance of a wet
surface.

2.2 Difference Method and Potential Evaporation

The difference method (or bulk method) is an easy way to approximate fluxes by the
difference of a potential and a transport coefficient. We apply it to the sensible and
latent heat flux and write

HO = —aH(92 — 90) ~ —O[H(TQ - Tg)

Ey = —aw(q — q) (2:2)

where the index 2 stands for two meters above surface. # means the potential tempera-
ture. The potential temperature difference between zero and two meters can nicely be
approximated by the temperature difference of these heights. ¢ stands for the specific



humidity observed in kg water vapor per kg air. Finally ay and ayp are the transport
coefficients of energy due to heat and water transfer between the surface and 2m above
the surface, respectively. The transport coefficients are linked by

aywy =« H£ (2.3)
Cp

with the latent heat of evaporation L and the heat capacity of air at constant pressure
¢p = 1004J/kg/K. The units of ay and ay are ﬁ and %, respectively. In order to
estimate Ey we therefore need to know qg, g2 and a . ¢ is a meteorological observable,
available for many locations on Earth. qg, however, has to be estimated. To do so, we
make the assumption that evaporation from the surface is not limited by any water
supply from the surface. In this case the specific humidity at the surface, qg, equals the
saturation specific humidity qgs at the surface, where the index s stands for saturation.

Specific humidity ¢ is uniquely linked to water vapor pressure e by the ratio ¢ = 0.622
of molecular mass of water to dry air and the air pressure p as

qg=c¢e—. (2.4)
p
Taking that into account and using eq. (2.3) we get
OH
Ey = aw(q —q2) = - (e0s — €2) (2.5)
with the psychrometric constant

PCp
U el (2:6)

We approximate egs = e5(Tp) by linearization as

Oeg

€0s N €2s + 87 " (T() — TQ) (2.7)
and name 88673 = A. This leads to
T
o
Ey = TH [A(Ty — To) + eas — €3] . (2.8)

The latter term on the rhs can be reformulated with the relative humidity f as

e2s — €3 = €as — f - €25 = eas(1 — f) (2.9)
yielding
Eo = O‘TH [A(Ty — T2) + eas(1 — f)]. (2.10)

From eq. (2.1) and (2.2) we also know that
Ho = ay(Ty —T2) = Qo — Go — Ey (2.11)
which we use to replace (Tp — T3) in eq. (2.10) to get

vEy = A(Qo — Go) — AEy + apeas(l — f) (2.12)



Reordering eq. (2.12) yields

_ A(Qo — Go) + amess(l — f)

E 2.13
° v+ A (2.13)
which is the energy flux due to potential evaporation.
Ey is the sum of two terms
_  A(Qo=Go)
Eoraa = —R
’ +z1_f) (2.14)
EO,Vent = Wzsiﬂ

of which the first is usually called radiation term while the second is named ventilation
term. We see that only the latter depends on humidity. The higher the humidity the
lower the ventilation term. The term vanishes in case of hundred percent relative hu-
midity. In this case evaporation is driven solely by radiation and ground-heat flux. Note
that even 100% relative humidity at both, surface and 2m height does not mean that
there is no evaporation from the surface. A positive radiation balance at the surface
may warm the surface with respect to 2m height leading to higher gps than gs.

Before we look into estimations of ay and the case of surface resistance, we derive an
equation for the surface temperature Ty in the following section.

2.3 Surface Temperature in case of Potential Evaporation

We can reorder eq. (2.11) to get an expression for the surface temperature as

-Gy E
%=B+@E¥”1é (2.15)
and insert eq. (2.13) for Ey to get
_ 1 A €25
o = T2+<@—m)(Qo—Go)—Aiv(1—f) (2.16)

- Tfrﬁ(%ﬂ) (Qo—Go) — 2351 = f).

The second term on the rhs describes the heating of the surface due to the radiation
balance and the ground heat flux while the third term describes the cooling of the
surface due to evaporation. Note that Th —Tj is largest in case of f = 1 which minimizes
evaporation.



Chapter 3

Potential Evaporation and Bowen
Ratio

3.1 Bowen Ratio

The Bowen ratio is the ratio of sensible to latent heat flux from the surface and therefore
given by
Hy  ~(To =13

EO €y — €2

For potential evaporation we got
€) — €62 = €pg — €9 = A(To — TQ) + 623<1 — f) (3.2)
and thus for the Bowen ratio in case of potential evaporation 3,

(To — 1)

B = ATy —To) + eas(1— f)

(3.3)

We see that the larger the relative humidity the larger the Bowen ratio. In case of water
saturation in two meters height (f = 1) we get

Bolf =1) = 1. (3.4)

Therefore, eq. (3.4) provides the ratio of sensible to latent heat flux from a wet surface
if the latent heat flux is minimized due to highest possible humidity. In this case it is
independent of the temperature difference between the surface and 2m height.

~ depends on pressure p which decreases with elevation, while A depends on temperature
T which usually also decreases with elevation. In the next section we analyze these
relations and estimate the influence of elevation on the Bowen ratio.



3.2 Estimation of v and A

According to eq. (2.6) the psychrometric constant 7 is a function of the air pressure p.
The latter can be estimated from an isentropic atmosphere as

T oTr —or
0t g, %\ "5
p(2) = po (TBZ> (3.5)
0
with
po = surface pressure at z = 0,
To = 2m air temperature at z = 0,
%—Z = vertical temperature gradient, 36
g = earth acceleration = 9.81m/s?, (3.6)
R = gas constant of dry air = 287%@, and
¢, = heat capacity of dry air at constant pressure = 1004kJ/K/kg.

For a standard atmosphere one can assume Ty = 293K, py = 1013hPa, and %—Z =
—0.0065K /m. Using these values eq. (3.5) reduces to

293 — 0.0065z °-26
~ 1013 ( 22—~ . 3.7
p ( s ) (3.7)
Using further € = 0.622, L = 2.45M J/kg, and ¢, = 1004J/kg/K we get
658 x 1073
=227 ). 3.8
T (3.8)

Fig. 3.1 shows the decrease of v with altitude for a standard atmosphere. The depen-
dence on Ty becomes more relevant for larger elevations and can reach 10% in 5000m.
Usually this dependence is neglected and Ty = 20°C is used. Relative variations in air
pressure due to weather variability are of the order of 1[1)88,1; B, and therefore do not

exceed a couple of percents.

A = Cflejf is the slope of the saturation vapor pressure es(7"). The latter function is a
solution of the Clausius-Clapeyron equation. A common approximation is the Magnus
formula

17.27T¢
s(Tc) = 6.108h P - .
es(Tc) = 6.108h Pa exp (TC n 237.?)00) (3.9)
with the temperature T in °C.
After a bit of calculus we get
des 17.27-237.3°C 17.27T¢
A(Te) = = 6.108h P —_— 3.10
(Te) = a1, YT +237.3°0)2 P (TC ¥ 237.300) (3.10)
and in the case that temperature is given in K
des  6.108hPa17.27-237.3K 17.27(Tk — 273.15K)>
A(Tr) = — = 3.11
Tx) =47 (T — 35.85K)? eXp( Tx — 35.85K (3:.11)

10
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Figure 3.1: Psychrometric constant v as function of elevation in case of Ty = 0°C
(blue line), Ty = 20°C' (black line), and Tp = 40°C' (red line) for pg = 1013.15hPa
as well as for Ty = 0°C' and py = 983hPa (blue dashed line) and for Ty = 40°C' and
po = 1033.15h Pa (red dashed line).

A depends strongly on T" and the dependency increases with increasing temperature as
can be seen from Fig. 3.2. According to eq. (2.13) higher values of A mean higher weight
for the radiation term of evaporation. Generally, temperature decreases with elevation
which means that higher locations are expected to have lower values of A. If we assume
To = 20°C and a vertical lapse rate of —.65k/100m we get the strong decrease of A
with height as shown in Fig. 3.3.

Both, v and A decrease with elevation. Under standard conditions of pg = 1013.15h Pa,
To = 20°C and a vertical lapse rate of —.65k/100m we get v(z = 0) = .6675hPa/K
and A(z = 0) = 1.4475hPa/K. For an elevation of 2000m we gety(z = 2000m) =
.5258hPa/K and A(z = 2000m) = .6879hPa/K. This is a reduction of about 52.5% in
A but only 21% in ~. It shows that with higher elevation the ventilation term becomes
more important even if neither wind speed nor specific humidity change.

Fig. 3.4 shows a map of the psychrometric constant for the locations in the FAO agromet
database. There is no seasonal dependency since surface pressure is assumed to show
no annual cycle. According to figures 3.5 and 3.6 A varies considerably with the annual
cycle. This has an impact on the annual cycle of the evaporation and Bowen ratio.

3.3 Maximum Potential Bowen Ratio as a Function of El-
evation

According to eq. (3.4) the maximum potential Bowen ratio is

Bp(f=1)= %- (3.12)

11
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Figure 3.2: Slope A = ‘ff&f of the saturation water vapor dependency on temperature.
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Figure 3.3: Slope of the saturation water vapor dependency on temperature as function
of elevation for Tp = 293K and a lapse rate of —.65K/100m.

Inserting v and A we get

c (T — 35.85K)? Tic \ w2l
B(f=1) =2 Xpo() "
v e L 6.108hPa 17.27 - 237 3K exp (T4 281500 Torc
(3.13)

with Tx = Tox + %—ZZ. The maximum potential Bowen Ratio is the ratio of sensible
to latent heat flux in case of 100% relative humidity. According to eq. (3.13) this ratio
changes dramatically with elevation as shown in Figure 3.7. For elevations below about
3000m the potential Bowen ratio is smaller unity, indicating that the latent heat flux is
larger than the sensible heat flux even in case of 100% humidity. Above that elevation
the sensible heat flux becomes more important for the energy balance of the surface.
Note that we talk about potential Bowen ratio, meaning that we talk about a water
saturated surface without any resistance to evaporation.

We can conclude this section with the following statements:

12
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Figure 3.4: Map of psychrometric constant ~y [%} from station observations, January.

e the lower the relative humidity the higher the potential Bowen ratio,

e the higher the temperature the larger A(T) and es(7") and thus the lower the
potential Bowen ratio, and

. . . A  d
e the higher a location, the lower p and T, the lower v and A. Since ¢~ > 9 the

maximum potential Bowen ratio increases with height enhancing the fraction of
sensible heat flux to total heat flux.
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Figure 8.5: Maps of derivative of saturation vapor pressure A = ‘fqu [%} from obser-

vations, January.
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Figure 3.6: Maps of derivative of saturation vapor pressure A = Cffjﬁ [%} from obser-
vations, July.
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Figure 3.7: Maximum potential Bowen ratio X as function of elevation.
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Chapter 4

Approximations of PE

Several approximations to eq. (2.13) have been introduced. Some of them are described
here.

4.1 Priestley-Taylor Method

They neglect the term %%_f) and compensate this by a constant factor as
Eolpr = A (Qo — Go) - 1.26 (4.1)
Olpr — N+ A 0 0 <40 .

4.2 Makkink’s Approximation

Makkink further neglected the ground heat flow and the longwave radiation and again
applied a correction factor as

A

where « is the surface albedo and R; is the incoming solar radiation.

4.3 Hargreaves’ Method

Hargreaves went a step further and approximated the incoming solar radiation by the
extraterrestrial radiation supply R, times a transmission factor which is only a function
of daily maximum and minimum temperatures to get

0023 (T, +T
EoIH—L'ggg/;?( J; x+17.800>-m-Ra (4.3)

where the temperatures 7,, and T, are provided in °C' and L is the latent heat of
evaporation. Hargreaves’ method is based on the close relation between atmospheric
transmissivity and the square root of the daily temperature range as well as the mean
daily temperature.

15



4.4 Blaney-Criddle Method

They averaged the extraterrestrial solar radiation by month and 5-degree latitude belt.
Furthermore they assumed that the more radiation gets through the atmosphere the
warmer it is. Therefore, their approximation is

Ey| g = C(latitude, month) - (a + bT},) (4.4)

with the monthly mean temperature T5,.

4.5 Further Approximations

Further approximations, e.g. by Walter, Haude, Thornthwaite, Jensen and Haise, and
Turc are even more empirically. They are often calibrated to data from a certain region
and climate zone and thus should not be applied everywhere on Earth.

16



Chapter 5

Estimation of the transport
coefficients

5.1 Bulk coefficients

In order to approximate the transport coefficients (ay and ayy) the bulk method and
the gradient method are combined. According to the bulk method eq. (2.2)) we have

H = —ag (02 — 6y) (5.1)
The gradient method approximates local fluxes by their local gradients, e.g.
9
0z

with the average density p, the heat capacity c, and the flux coefficient kg. The latter
has the dimension m?/s. Eq. (5.2) can be integrated over z to get

H=—-pc,kn(z) (5.2)

20
— — H 1
02 — 90 - —dz (53)

pen ) ku

where we used the assumption that H does not depend on z, which is appropriate for
the lowest atmospheric layer.

Inserting this into eq. (5.1) we get

C
ap = Zoplp . (5.4)
—dz

Furthermore we assume that the integral in the denominator only depends on the inverse

wind speed in z = 2m and get
1

Z0
[ dz
22

ku

= Cyus (5.5)

17



with the drag coefficient for heat Cp and the average wind speed in 2m height w3 to
get

ag = pc, Cuts. (5.6)
Analog to that we can write

aw = p LCw uy (5.7)
and for the momentum

ay = pCu . (5.8)

This means that in case of us = 0 no vertical flux of moisture, heat and momentum
occurs due to the absence of turbulence. While this is in line with eq. (2.2) it does
not hold in nature, where turbulence can also be generated thermally. According to eq.
(2.14) only the ventilation term of evapotranspiration vanishes in case of ug = 0.

The coefficients C and « are often called bulk coefficients. The C’s are dimensionless.
And for Cy = Cw we get kg = kw and aw = ap - L/cp. The dimensions of the a’s are

W W kg

o] = e [aw] = g and [ay] (5.9)

=5
5.2 Resistance

According to Ohm’s Law the bulk-flux relations can also be written in terms of resis-
tances as

Hy = ap(fo—0) =pe,(lo—02) with ry=2%2= 1

— N — — — . oL
Ey = aw(@—-%@) =;=pc@—g) with ry=£r= = (5.10)
T = —QpU = —ﬁ% with 7y = af\/[ = 701;172

The resistances g, ry, and rj; have the units s/m. The higher the wind speed in
2m the lower is the atmospheric resistance for vertical fluxes of moisture, heat and
momentum.

5.3 Atmospheric Resistance

It is often assumed that rg = rw = 74, with the atmospheric resistance r4. One
formula used to estimate it in case of a crop canopy is

Zm—d zp—d
. In (m) In (Z(T) _ 1 (5.11)
k2u,, Cy us
with
zm = anemometer height [m]
Zom = roughness length for momentum [m]
zp, = thermometer height [m)]
zon, = roughness length for heat and moisture [m] (5.12)
d = displacement height [m]
k = von Karman constant = 0.41
Uy, = observed wind speed [m/s].

18



The displacement height d marks the zero level from which altitude above ground should
be measured in case there is a canopy.

For a wide range of crops the following approximations are used:

d = 2/3h
Zom = 0.123h (5.13)
Z0n — 0.120m

where h denotes the canopy height of the crop.

If we assume a grass of 12¢m height and thermometer and anemometer heights of 2m
we get d = 0.08m, zp,,, = 0.01476m, 2z, = 0.001476 and

TAR —. 5.14

AR (5.14)

Figure 5.1 shows the strong influence of wind speed on atmospheric resistance especially

for low wind speeds. Low wind speeds cause little turbulence and thus little vertical
exchange of air which weakens evaporation dramatically.

1500 2000

Atmospheric Resistance [s/m]
1000

500
1

Wind Speed in 2m height [m/s]

Figure 5.1: Atmospheric resistance [s/m] to evaporation as function of wind speed [m/s].
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Chapter 6

The Influence of the Surface

6.1 Introduction of Surface Resistance

Using the atmospheric resistance r4 we can rewrite eq. (2.5) in form of Ohm’s Law as
_pLey—e
v oora

By (6.1)

This form allows to introduce the surface resistance rg (soil surface and stomata of
leaves) by assuming that these resistances add to the atmospheric resistance r4 like a
sequence of resistances in an electric circuit as

_pLey—e

Eo .
Y ratrs

(6.2)

Assuming that there is no surface resistance to sensible heat flux we can further write

Qo — Go — 22(Ty — 1) — By = 0. (6.3)

TA
We can insert eq. (6.2) and with the same approximations as in section 2.2 we get

A(Qo — Go) + easZ2(1 - f)

Ey = L (6.4)
A+ (1 + :—j)
Finally, with r4 = 1/(Cy uz) we get
Fy = A(Qo — Go) + ezspcp Cruz(l — f) (6.5)

A—i—")/(l-FTScHUQ)

and the only parameter left to estimate is the surface resistance rg.

6.1.1 Estimation of Surface Resistance

The surface resistance rg is influenced by many factors. Usually empirical relations are
used for the estimation. One is

'S, min
= ’ 6.6
s LAIFl FQ F3 F4 ( )

20



with
r'Smin =
LAI
Fy
Fy
F3; =
Fy =

Another empirical relation is

with
r =
LAl =

minimum surface resistance

leaf area index

influence of photosynthetic radiation
influence of soil moisture

influence of air humidity

influence of air temperature

LA

rs

plant specific bulk stomatal resistance
active leaf area index.

For reference grass the following relations apply

LAIact
LAI

Tl,grass

The surface resistance of a 12¢m high reference grass is therefore rg ~ 70s/m.

— 0.5LAI,
= 24/m-h and
= 100s/m for well watered grass.

21
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Chapter 7

Grass Reference
Evapotranspiration £7o

The evaporation of the standard grass with a depth of 0.12m, a surface resistance of
70s/m and an albedo of 0.23 is called grass reference evapotranspiration ETo. In order
to achieve ETo we first divide eq. (6.4) by the latent heat of evaporation L, insert
rs =70m/s and r4 = 208/uy and get

_ A/L(Qo — Go) + e, 5B (1 - f)

ETo = EToggq + EToven:. (7.1)
A4~y (1 + G
with e _ A/LQu-Go)
e r2)
EToye, = Zmtil) |

A+7(1+ 208 )

The lower the wind speed the higher is the atmospheric resistance. For us = 0 the
ventilation term vanishes completely and ETo is solely driven by the radiation term

~ A(Qo — Go)

ETo(ug =0) = EToRai(ug = 0) = L(A T ) (7.3)

The ventilation term also vanishes in case that relative humidity reaches 100%. In this
case ETo becomes

A(Qo — Go)

ETO(f = 1) = ETORad = I (A N y (1 L 730%2)) .

(7.4)

We can rewrite eq. (7.1) by using ¢, = ye L/p and p = pT, R with the gas constant
for dry air R = 287.J/kg/K, the approximated virtual temperature T, ~ 1.01 - T', the
ratio € = 0.622 of molecular weight of water vapor to dry air and the latent heat of
evaporation L = 2.45M J/kg to get

pcpuz YE U2 N ~70.622u9
208- L  1.01T R208 1.01-T287J/kg/K - 208"

(7.5)
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The virtual temperature T, is defined as

T, = (1 + (22 _ 1) q) T (7.6)
_J

kg K>
287,@% and the specific humidity ¢ in kg water vapor per kg air. With (% — 1) ~ 0.606

with the gas constant for water vapor R, = 461 the gas constant for dry air Ry =

we see immediately that the approximation T, = 1.01 -7 is exact in case of 16.5g water
vapor per kg air. T, converges against 1" in case of very low humidity and T, = 1.02- T
in case of ¢ = 33,%. In both cases the approximation above has a relative error of about

1%.

The SI units of evaporation are kg/m?/s which in case of water can be translated to
mm/s. Meteorologists, however, prefer using mm/day. This can easily be achieved by
inserting (Qo — Go) in M J/day and multiplying the second term by 60 * 60 * 24s/day.
Since we provide v in hPa/K, we also need to express Ry in hJ/kg/K. Doing that we
get

~ 0.622
5T 1.01-T-2137-hJ7k2G/K208 + 864005/ day -
~ U2 g9 1 mmsK? (7.7)
~ T *“daymhPa’
Finally we get
A08ELA(Qy — G 90, (1 —
ETo = MJ (QO 0) + eV T U2( f) (7'8)

A+ (140.345 uy)

and keep in mind that v and A are provided in hPa/K. This is the FAO version of
ETo.

In order to shortly discuss the importance of wind and elevation, we have a closer look
at a = m and b = m. We can interpret a and b as the weights
that are attributed to the influence of radiation and humidity on evaporation. If we
assume us = 0 the terms reduce to AAM and Aiﬂ, respectively. In this case a and b are
the fractions attributed to each term. However, in this case the influence of humidity
vanishes anyway due to uo = 0. Without wind, evaporation is solely driven by radiation.
The evaporation rate decreases with elevation even if the radiation balance is the same
due to the decrease of AAM with elevation as depicted in Figure 7.1.

In case, that there is wind, the weights of radiation-driven and humidity-driven evapo-
ration change with elevation. This is shown in Figure 7.2. This figure should be treated
with care since not only v and A change with elevation. Part of the radiation term goes
with —7* while the ventilation term is proportional 1/T. A more detailed analysis is
subject of a later section.

Fig. 7.3 shows how the denominator of ETo depends on elevation. However, v and A
are also part of the numerator. As a result only the weights shift from the radiation
term to the ventilation term.
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Figure 7.2: Dependence of m (red lines) and m (blue lines) for
ug = 1m/s (solid lines), us = 2m/s (dashed lines), us = 4m/s (dotted lines) on
elevation.
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Elevation [m]

Figure 7.3: Dependence of the denominator of ETo (A + 7 - 0.34ug) in case of ug = 0
(black line), ug = 1m/s (solid red line), ug = 2m/s (dashed red line), uy = 4m/s
(dotted red line) on elevation.
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Chapter 8

Parameterization of Radiation

8.1 Extraterrestrial Radiation

The extraterrestrial radiation R, is given by

_ Gsd,

R, (ws sinp sind + cos ¢ cosd sinwy) (8.1)

with the solar constant G5 = 0.082M J/m?/day, the solar declination

2w J
6 =0.409sin [ —— —1.39 8.2
sin ( 365 ) (8.2)

and the Julian day J, as well as the inverse relative distance between the sun and the
earth

2n J
d, =1+0. iy .
+0.033 cos 365 (8.3)

the latitude ¢ and the sunset-hour angle

ws = acos(—tang - tand). (8.4)

8.2 Shortwave Radiation Balance

The shortwave radiation reaching the ground depends on the sunshine hours n. For
clear-sky conditions the day length
24
N = —uw; (8.5)
T

is the number of sunshine hours. Generally the incoming short-wave radiation at the
ground Ry is linearly parameterized as function of the sunshine fraction n/N as

n
R, = (as + bsN> R, (8.6)
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Figure 8.1: Extraterrestrial radiation R, [
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Figure 8.2: Extraterrestrial radiation R, [ MJ }, July.
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with the Angstrom coefficients as and bs. These coefficients are set to as = 0.25 and
bs = 0.5 if no local observations are available. It follows directly that under clear-sky
conditions the incoming shortwave radiation at the surface is

Rso = (as + by)Ra. (8.7)

However, at higher elevations incoming solar radiation has to go through a smaller
fraction of the atmosphere which is dryer and usually contains less aerosol particles
than lower atmospheric layers. Therefore clear-sky solar radiation is often modeled as
function of elevation, e.g. as

Ry = (as +bs+2-107°2)R,. (8.8)

Comparing eq. (8.6) and eq. (8.8) we see that the clear-sky radiation is taken to be
increasing with increasing elevation, while the incoming shortwave radiation at the
surface is not.

The shortwave net radiation (or shortwave radiation balance) is the difference of the
incoming solar radiation and the reflected fraction of it given by the surface albedo
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(which is @ = 0.23 in case of reference grass). The net solar radiation is therefore

Rns = (1 — @) R, (8.9)
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Figure 8.3: Day length N[h], January.
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Figure 8.4: Day length N[h|, July.
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Figure 8.5: Sunshine fraction nN [%] January.
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Figure 8.6: Sunshine fraction nN [%] July.

8.3 Longwave Radiation Balance

According to the Stefan-Boltzmann Law the outgoing radiation from the surface is
proportional to the temperature to the power of 4 and the Stefan-Boltzmann constant
o =567x10"8 m‘g/K = 4.903 x 1079 m%@. However, part of it is re-radiated from the
atmosphere to the ground, which is called greenhouse effect. The largest contribution
to this greenhouse effect is due to water vapor and clouds. This is why two feedback

coefficients are included in the net long-wave radiation

Ry = oT* x Cy x C. (8.10)

with the empirical water vapor feedback coefficient

Cy = 0.34 — 0.14, /e, /10hPa (8.11)

as well as the empirical cloud feedback coefficient

R
s0

C.=1.35—"— .35 (8.12)
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Figure 8.7: Incoming solar radiation at the surface R [
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Figure 8.8: Incoming solar radiation at the surface Rg {m%‘iy} , July.

where the latter is limited to be smaller unity. Fig. 8.11 shows that even high water
vapor pressures do reduce the outgoing longwave radiation only by about 20% (i.e. from
.34 to .28) while cloud cover can have a much stronger effect. A sunshine fraction of
zero reduces the outgoing longwave radiation by 90% compared to clearsky conditions.

For daily data R, is usually estimated by using daily maximum and minimum tempera-

tures, For monthly data monthly averaged daily maximum and minimum temperatures,

T, and T, are used, respectively, and the results are arithmetically averaged, yielding
(T + T5)

Ry = 0--521 % Cy x C. (8.13)
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Chapter 9

Ground Heat Flux

The ground heat flux G within the time interval At is given as

Ty -1
=cs N
G=c Az Az (9.1)

with the air temperature at the beginning and end of At, T} and T5, respectively, the
soil heat capacity ¢s which is about 2.1 n%ﬁ and the effective soil depth Az. With an
effective soil depth of about 1m we get

MJ

for the monthly ground heat flux. For daily data the ground heat flux is usually ne-
glected.
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Figure 9.3: ETo [ZLT"H, January.
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Chapter 10

Averages instead of
Instantaneous Observations

10.1 Introduction

E'To is often not applied to instantaneous observations, though the equation is derived
from principles which hold for each instant. Instead ETo is usually calculated on basis
of daily or monthly means. However, a nonlinear function like E7T'0 need not to produce
reliable results if applied to averages in case of high variability.

4 4
In order to cope with this problem, FAO ETo uses % instead of the mean tem-

€s (Tn)+€s (Tm)
2

perature T4 and estimates e; = instead of es(7},). In general this can be

formulated as
_ Inp(Tn) + fno(Ty)
2

fno(T) # fno(T) (10.1)

Now several questions arise. First, how wrong is the approximation used by FAO ETo?
Second, how wrong is it to simply apply E7To on averages? Third, does it help to use
knowledge about the variability of T7 We know that temperature is a cyclo-stationary
variable with period length of one day and one year.

We first discuss the highest possible error of longwave radiation and es with respect to
the range of variability of T'. Afterwards a more detailed error analysis is provided.

10.2 The highest possible error

Both, longwave radiation and saturation vapor pressure are monotonic functions
fnr(T). Let us assume that 7" varies between its minimum 7}, and its maximum 7. In
the worst case we know nothing about the way 7" varies between 7}, and 7. This means
that we do not know the density distribution of 7. So what is the highest error we can
make? There are 2 possible extreme cases: T can be T, for all of the time except an
instant where it is T, or vice versa. In one case fnr(T},) would do best, in the other
case fyr(Ty). Therefore we can conclude that the true average fnr(7T'(t)) is limited by

Ine(Th) < fnn(T(@) < fve(Te) (10.2)
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and the highest possible absolute error is E = fyr.(Ty) — fnr(Ty). Since fnr, is mono-
tonically increasing the highest relative error becomes

_ B ()
Inc(Th)  fyo(Th)

€ —1. (10.3)

10.2.1 The highest possible error in outgoing longwave radiation

With the temperature range A = T, — T, equation (10.3) leads straight to

T4
e = 751
= 4
- %_1 (10.4)
= 48 168 +45 + 5

For minimum temperatures above 0°C' T, is larger 273K. If we assume the diurnal
range of temperature A to be below 27.3°C' the ratio % is < 1—10. Therefore we find
that

€ < .4641 (10.5)

which means that the highest possible error does not exceed 46%.

10.2.2 The highest possible error in saturation vapor pressure

Again we use the temperature range A = T, — T}, to obtain

Ac
—exp (b 1 10.
c eXp( T7%+20Tn+ATn+CA+C2> (10.6)

Assuming T,, = 0°C' and A = 27.3°C we get
€ < 3.68 (10.7)

which means that in this case the highest possible error reaches 368% which is about 8
times the highest possible error in outgoing longwave radiation.

We see that the estimation of the saturation vapor is much more sensitive to variability
in temperature than it is the case with outgoing longwave radiation.

10.3 Taking periodicity into account

If there were no temperature variability than
T,=T="T,. (10.8)
However, usually there is a daily cycle which is assumed to be symmetric so that

. To+T,
T = ; . (10.9)
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The same symmetry is often assumed to hold true also for the derived variables leading
to eq.(?7?). If temperatures were half day on the maximum and half day on the minimum
then eq.(??) would no longer be an approximation but a true relation. In reality tem-
perature varies periodically between maximum and minimum. Thus we could assume
that eq.(??) is an overestimation while fyr(T) underestimates fyr(T). We go deeper
into the matter of periodic functions in the following section.

10.3.1 The daily cycle of outgoing longwave radiation

Let us assume that the daily temperature cycle can be described by a cosine function
- A
Tt) =T+ 5 cos(2mt — ), t € {0,1} (10.10)

where ¢ is the phase shift that can be neglected as long as we are interested in daily
means. In this case the true daily average of longwave outgoing radiation is

L 1 1/ A 4
R = 0’/ T(t)dt = 0'/ (T + 5 cos(2mt — gp)) dt (10.11)
0 0

where the integral is from 0 to 1 which corresponds to the beginning and end of day.
To keep things simple ¢ is set to 0. This does not affect the results. The integral can
be solved straight forward leading to
- =4 3 =2 .9 3 4
Ry =0T 4+ -0T A"+ —0A". 10.12
R G T (10.12)
This true outgoing longwave radiation has to be compared to both the approximations
resulting from using average or extremes, respectively. Using average temperature leads
to
Ry ~oT" (10.13)

while the use of extreme temperatures leads to

JR— T4 T4
RL +1r

A 2 10.14
~ o (T4 + 2T2A2 + %A4> . ( )
Since A < .1T the terms containing A* can be neglected and we see
_ 4 3 —4 6
0T <o (T4 + 4T2A2) <o (T4 + 4T2A2> . (10.15)

The absolute of the highest possible error in case of a cosine shaped daily cycle is

3 A2

This can be considered to be a small error.
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10.3.2 The daily cycle of saturation vapor pressure

The temperature may again follow a cosine. The daily cycle of saturation vapor pressure
then is

1 b (T + % cos(2mt — go))
€5 = a/ exp [ =% dt. (10.17)
0 T + 5 cos(2mt — @) + ¢

Though this integral can be solved analytically it is too much effort here and alterna-
tively numerical investigations are performed.
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Figure 10.1: Average relative error in estimated saturation vapor pressure es as a func-
tion of daily mean temperature if the daily cycle of temperature follows a cosine and a)
the daily mean temperature is used for the approzimation (blue line) and b) the daily
mazimum and minimum temperatures are used for the approximation (red line). The
average is taken over amplitudes of daily cycles of 0 to 20 degrees Celsius.

To get the exact average of saturation vapor pressure the integral is solved numerically
for 41 average temperatures T from 0 degrees Celsius to 40 degrees Celsius and 21 diur-
nal temperature ranges from 0 degrees Celsius to 20 degrees Celsius (for simplicity only
integer values of temperatures are taken). For all these 861 cases the exact average of
saturation vapor pressure is compared to the estimates based on average temperature
only and based on extreme temperatures only. Fig. 10.1 shows the average relative error
as a function of the daily mean temperature. As expected the use of extreme temper-
atures overestimates €; while the use of T underestimates the true saturation vapor
pressure. However, the absolute of the error is roughly the same for both approxima-
tions. With increasing temperatures the relative error gets smaller since the relative
amplitude of the diurnal cycle compared to the average temperature decreases with
increasing mean temperature. Average errors are about 2% at 40 degrees Celsius and
nearly 4% at 0 degrees Celsius.

Fig. 10.2 shows the dependence of the mean relative error from the diurnal temperature
range since the amplitude of the diurnal cycle drives the influence of nonlinearity. Again
it shows that both approximations provide equally good estimates with opposite sign.
Errors vanish if there is no diurnal cycle and exceed 8% if the amplitude of the daily
cycle approaches 20 degrees Celsius.
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Figure 10.2: Average relative error in estimated saturation vapor pressure es as a func-
tion of the temperature amplitude of the daily cycle if it follows a cosine and a) the daily
mean temperature is used for the approzimation (green line) and b) the daily mazimum
and minimum temperatures are used for the approximation (red line). The average is
taken over mean daily temperatures from 0 to 40 degrees Celsius.

We have seen that the Stefan-Boltzmann law is rather insensitive to the use of average
or extremes of temperature. In case of a cosine daily temperature cycle the true average
of outgoing longwave radiation is in the middle of both estimates. The error is below

1%.

Also in case of saturation vapor pressure both estimates are of nearly equal amplitude
with opposite signs. However, the error can reach 8% which might be regarded as
considerably high. The results suggest that for a daily cycle of cosine form the average
of both approximations is pretty good.

However, true daily cycles are not like a cosine. Instead they might be regarded as a
solution of a linear differential equation with a relaxation term of an order of between
T and T* and a cosine forcing during daytime. An alnalytic solution of this equation
that can be fit to the observed T, and T, might provide a better approximation.

10.4 An Example

We now calculate average E'To for April in Bangkok. This is example 17 in FAO56. The
following observations are available:

T, = 25.6°C
T, = 34.8°C
T, = 30.2°C
Ty = 29.2°C (10.18)
n = 8.5hrs
ug = 2m/s

€. = 28.5hPa.
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Given these data we get

es1 = es(T)=42.9hPa
e = cllnliel) — gy 9ppa,

For the net longwave radiation balance we get

Ry = CUCCUT{,; :43.108m¥d‘;y
Ry = CyCeotfie = 31048

(10.19)

(10.20)

Table 10.1: Comparison of estimated ETo from FAO56 and by use of ET,(es(T},) and
R,i(T},)) for the case of Bangkok in April, as well as relative and absolute differences.

Variable | ETo(FAO56) | ET,(es(Th), Rni(T)) | Abs. Diff.
kil kil ki
ETopqq 3.9654 3.9666 -0.0012
EToyent 1.7494 1.6049 0.1445
ETo 5.7149 5.571H 0.1433

Rel. Diff.
[7%]
-0.03
8.26
2.51

Table 10.1 shows clearly that the use of means of extremes instead of simple means of
temperature can make a difference in the range of percents. Since the influence on e
is usually higher than on R,; we can expect a higher influence on ETo in regions and
seasons where the ventilation term is more important, i.e. in higher latitudes, during

winter and where there are strong winds.
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Chapter 11

Open Water Evaporation

One might be tempted to apply the potential evaporation equation directly to open
water. However, this might result in an overestimation. While potential evaporation is
based on the assumption of a radiative balance at the surface, we face the problem that
radiation intrudes a water body, making the estimation of the energy balance of the
surface much more difficult.

Generally, temperature differences between surface and 2m height are much less over sea
than they are over land due to the low fraction of shortwave radiation absorbed by the
water surface. Therefore wind and vapor pressure deficit play a much more important
role over open water. According to Budyko (1974) the approach

Ey=(es —e€q)Y (u) (11.1)

with the empirical wind factor Y (u) is often used, where Y (u) could be either Y = a+bu
or Y oc u™ with m € [0.5,1]. Again according to Budyko, Shuleikin was the first to
obtain the relation

E, = xpu(gs — q)- (11.2)
On the base of eq. (2.13) we would write

_ lOZHGZS(l - f)

Ey = 11.
L ~v4+A (11.3)
instead. With ag = pc, C ug we get
1pc, Ch
== S(1—f). 11.4
Lo +na 2 (1-1) (11.4)
Analog to eq. (5.11) we use here
k‘2
Cpy=—"" (11.5)

2
—d
(ln ZZO )
with d = 0 over water. The roughness of open water, expressed by the roughness

length zg is a function of the wind speed. The higher the wind speed the rougher the
sea surface. Usually small values like 10™% to 1073 are used. With zy = 1073 we get
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Cg(z = 10m) = 0.01825 and Cy(z = 2m) = 0.02212. Using the ideal gas law, we can

replace pcp/L by R‘Z}y and get

ey Cy

By= ot
Ry Tv(’}/ + A)

ug eas(T) (1 — f). (11.6)
This equation describes evaporation over water as function of humidity, wind speed and
temperature. It neglects the direct influence of radiation and thus assumes deep water.
Shallow water (e.g. 1 meter depth) or brown water (swamps), to the contrary, can get

heated in the first meters of water depths due to absorption of incoming shortwave
radiation. In this case the radiation term cannot be neglected.
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Chapter 12

Sublimation of Ice and Snow
Surfaces and Frozen Ground

In case of ice, snow or frozen ground we have to consider three features:

1. Sublimation has a higher latent heat of than evaporation. The latent heat of
sublimation is about L; = 2.86MJ/m? and thus 16.7% higher than the latent
heat of evaporation at 207°C. This reduces evaporation given the same energy
balance than a surface with liquid water availability.

2. The surface albedo of snow and ice is much higher than those of bare soil and
other material (see appendix D). The albedo of fresh snow can reach 90% and is
thus about 4 times higher than the albedo of FAO reference grass (23%).

3. The roughness of snow and ice is low compared to vegetated surfaces. The rough-
ness length zg is in the order of 0.001m while it is higher for vegetated surfaces,
e.g. 0.015m for FAO reference grass.
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Chapter 13

Sensitivity of ET'o and (Global
Change

ETo depends on

e humidity, expressed either as relative humidity f, as specific humidity ¢, or as
water vapor pressure e,

e solar net radiation R,s, which depends on the surface albedo «, the latitude ¢,
the time in the year, and the sunshine fraction n/N

e long wave net radiation, which depends on temperatures 7, and T}, humidity and
sunshine fraction,

e temperature, and

e wind speed.

We now try to investigate the sensitivity of ET'o with respect to each of the meteorolog-
ical parameters by building the partial derivatives with respect to each variable while
leaving the others constant. Again we write ETo as a sum of radiation and ventilation
term keeping in mind that both terms depend on several meteorological variables

ETope = % = EToRad(Th, Tz, Rs, €q, %7“2)

(13.1)

90

v u2 (e2s—ea)
EToyent = m:ETOVent(TmTza@a,U2)~

If we assume no changes in seasonality there are no changes in surface heat flux, i.e.

% = 0 since the temperature difference between different months of the year stays
constant.

We also set the psychrometric constant v constant, assuming that the vertical lapse
rate does not change.

According to eq. (3.11) A has the form

a b(Txg —c
AT = G exp< (T:_d)) (13.2)
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with

a = 25031.63hPa,
b = 17.27,
¢ = —273.15K,and (13.3)
d = —35.85K.
Following some calculus (see appendix B) we get
dA A [b(c—d)
dT_T—d<T—d _2> (13.4)
and with T 1
we get,
dA A b(c—d)
= -1 13.
T, T, —d <2(Tx —d) > (13.6)
and A A [ be—d)
c—
— = —1]. 13.
iT, T, d <2<Tnd> ) (13.7)

13.1 Temperature

Due to non-linearity, changes in minimum temperature have a different effect than
changes in maximum temperature. This is the reason why a term like 8?%" is not
meaningful without further concretization. ETo can change even if T keeps constant
since an increase in 7T, of the same magnitude as a decrease in 7}, result in no change in
mean temperature but may have a strong effect on ETo. However, if we apply further
conditions we can build a conditional derivative with 7. In case that we restrict changes

0 in T}, and in T}, to be small and identical, we get

_ OETo OETo _ (OETo0T, O0ETo0JI;
SETo = %5 28T, + %5 20T, = ( e 6T>5T. (13.8)
Assuming 6T = 0T,, = 0T, we get
OFETo OFETo OFETo
= . 13.
oT lsr,=sT,  OTn * 0T, (13.9)

The symmetry of the equations for the longwave radiation (see eq. (8.13)) and the
mean humidity with respect to minimum and maximum temperature allows, however,
to discuss them together. From the definition of the mean temperature as arithmetic
mean of the minimum and maximum temperature we get

orT or 1
- = == 13.10
oT, JI, 2 ( )
We start with rewriting eq. (13.1) as
—  _A/L(Qo=Go) _ 1A(P—Ru(T))
ETORwa = A+»y(1+%.3432) =1 A(T)—i-lQ
o0 (13.11)
EToye, = v u2(es—€a) _ Wes(T)—ea

A+~ (1+0.34uz)
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with

P = R,;— Gy
Q = v(1+0.34uy) (13.12)
W = ~-90- us.
And after some calculus we get
OEToRwa _ dRy
I (RS ) R
OEToven: W 1 1 des '
Tt = TR0 {(ea —es) (ﬁ T arQ di> + di}
where the index k stands for maximum or minimum. Furthermore,
dA _dA OT _ ldA(T) (13.14)
dTy, dT 0T, 2 dT '
and des de, 0T 1
e e
= = —A(T). 13.15
dT, ~ dT 0T, 2 (T) (13.15)
and finally
OET OFTog, OET oy,
0 9%~ ORad | UB- OVent (13.16)

Ty N Ty Ty,

13.2 Humidity

Both, the ventilation and the radiation term depend on humidity. With respect to water

vapor pressure we get
OFETo OETorea OFETovent

= 13.17
Oe, Oeg + Oe, ( )
The differentiation of the second term on the rhs is straight forward and yields
ET —
0 OVent _ 790 uz . (1318)
deg T(A 4 ) (1 + 0.34uz)
The differentiation of the radiation term can be written as
OET OET OR
ORad _ ORad nl (1319)
Oeq OR,  Oe,
where % is provided in section 13.3.2 and %ﬁl in section 13.3.3.
In order to get the derivatives with respect to relative humidity we use e, = e; - 1{;—0
where f is expressed in % and thus
Oe
8—]‘} = e4(T). (13.20)
We finally get
O0ETo _ OEToRuq OR, Oeyg n OET 0y ent Oeg (13.21)

of OR,  Oe, Of Oeq,  Of

OETo| _ mm
with { } = day%-
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Figure 15.1: % [%}, January.
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Figure 13.2: % [%], July.

13.3 Radiation

13.3.1 Net Radiation

The derivative of ETo with net radiation is simply

OETo A
= 13.22
OR,  L(A+v)(1+ 0.34us) ( )
and since R, = R,s — R,; we get
OETo OFETo OR, A (13.23)
OR,s  OR, OR,, L(A+7)(1+0.34uy) ‘
and OETo OETo OR A
00T (13.24)

ORn ~ OR, ORn  L(A+7)(1+ 0.34uy)
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We see that the sensitivity of ETo with both, longwave and shortwave radiation balance,
becomes smaller with increasing wind speed and increasing temperatures (since A and
~ are monotonic functions of 7).

13.3.2 Shortwave Radiation

According to equation (8.9) it is obvious that the sensitivity of net shortwave radiation
R, s with respect to downwelling shortwave radiation at the surface Ry is

aRns
OR;

=(1-a) (13.25)

which is 0.77 in case of reference grass. Furthermore, according to eq. (8.6) we get

OR, n
IR =T bsyr (13.26)
and OR
2 = bsR,. (13.27)
9 ()

13.3.3 Longwave Radiation

According to eq. (8.10) the longwave radiation balance is

T2+ T}
R = a% « Cy x C, (13.28)
with
Cy =0.34 — 0.14y/e,/10hPa (13.29)
and
R
C.=1.35 —.35 (13.30)
RSO
The longwave radiation balance is determined by T, T, e, and }iso. The latter is a
function of the sunshine fraction  as
Ry (as +bs3r) n
= =A+B— 13.31
Ro as+bs+2-10752 + N ( )
bs O(Rs/Rso)
B = = . 13.32
as +bs+2-1075z d(n/N) (13:32)
Furthermore we get
' .14
9C, _ _ 0 (13.33)
Oeq 20hPa+/eq/10hPa
and R
aC, oC, 0=
= C T 1358 (13.34)
Oy Ogsy Oy
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Figure 13.3: Derivative of net shortwave radiation at the surface with sunshine fraction
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Figure 13.4: Derivative of net shortwave radiation at the surface with sunshine fraction

ORps | MJ/day/m?
PR [ o7 }, July.

For the partial derivatives we get directly

Rs

ORy  _ ORy 8C. Ry _ Ti+TY
sy = et pEs gt =05 =Cy135B
s0
O — Ol 00 Oa — o TutT2(,0.14-0.5(eq/10hPa) 05 (13.35)
ot = C,C2T}

where T}, stands for T, and T, since the structure of the sensitivity of the longwave
radiation balance on maximum and minimum temperature is the same.
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Figure 13.5: Deviation of the surface incoming solar radiation with the extraterrestrial

solar radiation ggs January.
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Figure 13.6: Deviation of the surface incoming solar radiation with the extraterrestrial

solar radiation ggz, July.

13.4 Wind Speed

ETo can be written as a function of us in the form

k U9
ETo = =
© l—f-mUQ—’_l—l-?TLUQ y1+y2
with A
I = A+~
m = 034~y
r = 7%(65 — €q)-
After short calculus we see
dy —km
dus  — (I+muz)?
dyz rl
dus - (l+mug)2

(13.36)

(13.37)

(13.38)
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Figure 13.7: Derivative of the net longwave radiation at the surface with mean daily

mazimum temperature 88};"1 [%
x

} , January.
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Figure 13.8: Derivative of the net longwave radiation at the surface with mean daily

. OR,; MJ
mazimum temperature [77%2 day K}, July.

and thus JET Ik
o) rl—km
= . 13.
d’LL2 (l + mu2)2 ( 3 39)

13.5 Relative Sensitivities

We can divide the sensitivities by ETo itself in order to get relative sensitivities expressed
in % change per change of an independent variable x

100 OETo
ETo Ox

(13.40)

Results for one station are shown in section 13.7.
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Figure 13.9: Derivative of the net longwave radiation at the surface with sunshine frac-
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Figure 13.10: Deriative of the net longwave radiation at the surface with sunshine
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13.6 Ratios of Sensitivities

We now ask how much one variable x must change in order to compensate for changes
in another variable y. Given the known sensitivities we look for

OETo OETo

ox = 1) 13.41
ox v y Y ( )
and thus
S _ 8%50
—_— = . 13.42)
OFETo (
6y oz

These ratios can be calculated for each pair of variables. Here, we concentrate on the
question how much a variable x must change in order to compensate changes in a
symmetric temperature increase y = T' with d1' = dT,, = dT,.
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Figure 13.11: Derivative of the net longwave radiation at the surface with water vapor
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Figure 13.12: Derivative of the net longwave radiation at the surface with water vapor

OR,; MJ
pressure gz [7m2day hPa} , July.

13.7 Results for Bangkok

Example: Bangkok (April)

13.7.1 Basic Derivatives

dA hPa dRns __

L2 boenomis | 0 2 oosmer

WX 00611986hP“ dfint —0. 124337361@(7
afins _ 0.77 s _ —0. 0549739? 7
i 1, T
dis - 05951756 Lo = 0.4421338%7
el S
dRa — Y dl, m2 day K




dETowent  — 0111334300 | 4E70mad — (2520699 78
dEforad — (.03473804 n. | dETowen — (763115228
Gife = —0.07659532 710 dFlo = 0.5101453 72
dBlo  —  _0.2793915™dayn” | dETerd — 0.02565998
dBle  — 0.2793915™mdau | dETewd —  0.02513692 2
dELo  — (.2793915™ e m™ | dETouar = (07563974 2%
dETorad - = (.01535926 720 dEfguent  — 0.1386271 725
dBTouent = —0.04922464 7% Gre = 0.1637668 20
Bre = —0.03386538 7% a7e = 0.1012997 g2
dELo — (.1280410™ ey dETo = 0.2650666 2%
FN 030101 724
13.7.2 Relative Sensitivities
1 dEToyent _ % 1 dETorqq _ %o s
T By _ oot | Elgf,
PIoy iy, — 0P | FTo g = SO
ETo deq - *“*hPa ETo dus> - : m
7T dhey = —4.goRdams | o dBT = 0.440%
T iy = 4.89 % oot = 04397
Pt = S| gt Lo
Bre gt = 0.27% o ot = 2.425%
ElTodEjzl;)fvem = —0.865 pre e = 2.86%
ElTodeTo = _0'59% ElTodz;ETZO 1'772%
R I R
prody = 0523%

13.7.3 Ratios of Sensitivities

Here we provide some results of eq. (13.42) for the case of Bangkok in April

—m — _(.51959™
dug

i (. gug7ogoMd/m?/day
dETo - . K
dRn,
dETo

—mf = +34606104%
d;;‘o

— T = +7.827066%
d
dEJ;‘o

— ek = —8.805762%
dnN

The results for the global dataset are provided in figures 13.13 to 13.20.
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Figure 13.13: Necessary change of rel. humidity A?ﬁ [%} in order to compensate
a change in temperature which is identical in mazximum and minimum temperature,

January.
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Figure 13.14: Necessary change of rel. humidity ATiym {? in order to compensate a

change in temperature which is identical in maximum and minimum temperature, July.
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Figure 13.15: Necessary change in wind speed AToom
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Figure 13.16: Necessary change in wind speed AToom
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change in temperature which is identical in maximum and minimum temperature, July.
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Figure 13.17: Necessary change in surface net radiation balance AATinm [MJ/ d;;y/ L }

in order to compensate a change in temperature which is identical in mazimum and

minimum temperature, January.
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Figure 13.18: Necessary change in surface net radiation balance A%i"m [Mj/dféy/m }

in order to compensate a change in temperature which is identical in mazimum and
minimum temperature, July.
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Figure 13.19: Necessary change in sunshine fraction AATLN {%} in order to compensate
sym

a change in temperature which is identical in mazimum and minimum temperature,

January.
DnN/DTsym [%/K]
July

Latitude
0
I

5
I
EEREOOOCON

33333 i -
56556 : - =
77778 & =
100 min=-100 , mean=-1584 , median=-11.44 , max = 100
T T T T T T T
150 -100 50 0 50 100 150

Longitude

K
a change in temperature which is identical in mazimum and minimum temperature,

July.

Figure 13.20: Necessary change in sunshine fraction AATLN {%} in order to compensate
sym
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Appendix A

Latent Heat of Evaporation as
Function of Temperature

According to Rogers and Yau (1989) the latent heat of evaporation L can be written as

kJ T3 T2 T
L = = (=0.0000614342—— + 0.00158927—— — 2.36418 — + 2500.79 Al
kg( o3 T °(2 o0 + ) (A1)

with a coefficient of determination of 2 = 0.999988. This relation is depicted in Fig.
A.1. It shows clearly that L = 2.45M J/kg is a good approximation for temperatures
about 20°C. However, for T' = 40°C' L reduces to about 2.4M J/kg while it is 2.5M J /kg
at freezing point and 2.55M J/kg at —20°C, resulting in relative differences of up to
0.15/2.45 ~ 6%.

Lw
255 260
I |

250
I

245
1

240
I

Figure A.1: Temperature dependence of latent heat of evaporation L.
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Appendix B

Derivative of A

with

and thus

A(T) = aexp (“f_?) . (T—ld)2 v (B.1)
u = aexp (bg:;))
W o= ud (W(T—c)(T—d!
= ub[—(T—c)(T—d)2+ (T —d)™!]
_ oy be=d) (B.2)
T—d)2
= blc—d)A
v (T —d)=2
v o= —2(T—d)~3
% = w' +ou

= —2aexp (=) (T = d) 73 + b(c — )A(T — d)~?

b(c—d)A (B.3)
(T—d)?
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Figure B.1: dfgfo {mQ é\fyjhpa}, January.

dETo/dea [(mm/day) / hPa]
Juty

EEREOOOCON

-0.003 min.=-08  mean=-016 , median=-014 max=0
T T T T T T T
-150 -100 -50 s] 50 100 150
Longitude

Figure B.2: di{" {mQ a]l\gthPa}’ July.
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Figure B.3: % [#jy%}; January.
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Figure B.4: —d]flfo [Fzﬂga‘é% }, July.
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Figure B.5: 4ELo [ M.J }, January.
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Figure B.6: 4£1Le [ M.J }, July.
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Figure B.7: dC;ETj;O {%], January.
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Figure B.8: dfz,?;o {#a{ﬂ(}’ July.
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Figure B.9: ATegm [mg dayK}, January.

dETo/dTsym [(mmiday) / K]
July

EEREOOOCON

min.=0.05, mean= 026 median= 024 max=105
T

-150

T T T
-100 -50 s S0 100 150

Longitude

Figure B.10: C‘g{fg {%}, July.
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Appendix C

Surface Albedo for Solar
Radiation

Different surfaces have different reflectivity or albedo « of solar radiation. Table C.1
lists some surfaces with their typical range of surface albedo and a typical value.

Table C.1: Surface albedo of different surfaces in % after Hartmann (1994).

Surface Range | Typical Value
Water

Low wind 5-10 7
High wind 10 - 20 12
Bare Surfaces

Moist dark soil 5-15 10
Moist grey soil 10 - 20 15
Dry soil 20 - 35 30
Wet sand 20 - 30 25
Dry light sand 30 - 40 35
Asphalt pavement 5-10 7
Concrete pavement 15-35 20
Vegetation

FAO reference grass 27
Short green vegetation | 10 - 20 17
Dry vegetation 20 - 30 25
Coniferous forest 10 - 15 12
Deciduous forest 15-25 17
Snow and Ice

Forest with snow cover | 20 - 35 25
Sea ice 25 - 40 30
Glacier ice 20 - 45 32
Old melting snow 35 - 65 50
Dry cold snow 60 - 75 70
Fresh dry snow 70 - 90 80
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Appendix D

Inverse Relative Earth Sun
Distance

FAOb56 uses eq. (8.3) with J as julian day for the inverse relative earth sun distance.

2w J

365

dr =1+ 0.033 cos (D.1)

with J as Julian day for the inverse relative earth sun distance. There are, however,
other and more accurate approximations available. One example is

1

dys = .
27 11— 0.01673 - cos (0.017214 - (J — 1))]2

(D.2)

Fig. 7?7 shows both approximations as well as the relative deviation in % of eq. (D.2)
from eq. (D.2). Relative deviations are less than 0.3% and depend strongly on season.
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Figure D.1: Inverse relative earth-sun distance as function of Julian day for the approz-
imation used by FAO and a slightly better approrimation according to eq. D.2 as well
as the relative deviation of the first from the second
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Appendix E

Declination

According to eq. 8.2the declination § as function of the Julian day is approximated as

2m J
0 =0.409sin [ —— —1.39 ).
0.409 sin ( 365 )

One better approximation is
d=0do+ Z imits; = 1* (A; cos(p;) + B sin(p;))
l

with
p; =1-pg and pg = .017214 - J — 3.1588
and the coefficients dyp = 0.39508 and

A = 2285684 B; = —4.29692
Ay = —0.38637 By = 0.05702
Az = 0.15097 Bz = -—0.09029
Ay = —-0.00961 By = 0.00593
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